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Abstract
Since the risk of large claims has a great impact on the insurance company, the risk
theory about extremal events has attracted more and more attention. In mathematics,
this type of risk can be modeled by some random variable with a heavy-tailed distribu-
tion. The class of heavy-tailed distributions include a lot of important subclasses, one
of which is the so-called subexponential distribution class, which covers a large range of
distributions and could characterize the heavy-tailed risk very well. The subexponen-
tial distribution was first proposed by Chistyakov, V.P.[14] in 1964 and was applied to
branching processes, and then it was applied rapidly to many fields such as risk theory,
queuing theory, etc. At the same time, many literatures were devoted to the properties
of subexponential distributions. This dissertation discusses some probability problems
connected with heavy-tailed risk and concerns the following three topics: the properties
of subexponential distributions ang related classes and their applications, the theory of
large deviations and the generalized renewal measures.
As preliminaries, the beginning part in this dissertation gives an explanation for some
notations, classes of functions and classes of heavy-tailed distributions.
In the first chapter, we discuss some properties of subexponential distributions and
their related classes with their applications. Asmussen [4] introduced the class of local
subexponential distributions. We first prove the non-closure under convolution of the
local subexponential family. Next, we obtain some equivalent assertions about the local
behavior of the tail probability of the maximum of random walks with negative drifts.
Moreover, Remark 4.2 of Shimura and Watanabe[56] illustrated by a counterexample that
Lemma 2.1(iv) of Cline [17] is incorrect, which affects the validity of some related results.
But according to Pakes [51], there exists a shortcoming in Shimura and Watanabe’s coun-
terexample, hence we first propose a further counterexample. What’s more, we show
that Corollary 3.2(i) of Cline [17] is wrong itself. Finally, we establish a result about the
subexponentiality of the minimum of two random variables.
In the second chapter, we first establish the theory of the second order subexponential
distributions with finite means and then obtain a second order approximation to the tail of
a compound distribution. The class of second order subexponential distributions defined
in this paper can be viewed as a extension of the related class defined by Geluk[26].
Our results also generalize the correspondent results of Omey and Willekens [48] without
assuming the existence of a density function of the underlying distribution. Next, we
apply these results to risk theory and obtain the second order asymptotics for the ruin
probabilities in renewal risk model, whereas in classical results, the related results are
restricted to the Cramér-Lunderberg model.
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In the third chapter, we discuss the large deviation probability for the random sums
of heavy-tailed non-negative i.i.d. random variables. The related result in this respect was
first established by Klüppelberg and Mikosch [36]. But their condition was too restrictive
and then was reduced by Tang et al. [58]. Furthermore, we establish the necessary and
sufficient condition for this type of large deviation relations. What’ more, we find that
this condition holds not only for i.i.d. random variables but also for non-independent or
non-identically distributed random variables.
In the fourth chapter, we obtain a one-sided large deviation local limit theorem for
the sums of heavy-tailed non-negative i.i.d. random variables. Our result improves the
related results in Baltrūnas[5] because we establish such a result assuming only a one-
sided condition on the tail of the underlying distribution. Thus, the correspondent result
of Doney[19] is generalized thoroughly.
In the last chapter, we present all sorts of Blackwell-type renewal theorems by mak-
ing the connection between Blackwell renewal theorem for renewal measures and that for
generalized renewal measures. We show that different types of Blackwell-type renewal
theorems will be established according to which of the tails of weighted renewal constants
or the underlying distribution is asymptotically heavier.
Keywords: Subexponential distribution; Large deviation; Generalized renewal measure
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§0.1 )kj$ f(·)  g(·) =$ {fn}n≥1  {gn}n≥1, A);
f ∼ g, e lim f/g = 1 ;
f = o(g), e lim f/g = 0 ;
f = O(g) = f . g, e lim sup f/g <∞ ;
f & g, e lim inf f/g > 0 ;
f ≍ g e f . g mP f & g, }E 0 < lim inf f/g ≤ lim sup f/g <∞.Wy$=kBPG|y%&j x→ ∞ = n→ ∞ moI+A)` vY$=W=b7`  0.1.3 H Berman[12], F3C`  0.1.5, JyH Bingham X [13]. %Y` j$ g(x) = {gn}n≥1 {-vt|ÆBe1ja* {gn}n≥1, gw#	1-A)J` JRGW$eI	
g(x) := g[x], (0.1.1)%{D#>WJ!_8A)J{ [x] $}+7! x WML(y 0.1.1. `#6\m#mC g h#SkVy g ∈ Rρ, ℄v\	pk λ > 0,
g(λx)/g(x) → λρ, x→ ∞. (0.1.2)g ρ = 0, ; g 98&!5$)!5$Wb7w5z0| Bingham X
[13]. <=, (0.1.2) W λ q.v5WH
R :=
⋃
ρ∈R
Rρ. (0.1.3)y 0.1.2. `#6\m#mC g h7 #SkVy g ∈ ER(c, d), ℄v\	pk λ ≥ 1, f^m c  d ej
λd ≤ lim inf
x→∞
g(λx)/g(x) ≤ lim sup
x→∞
g(λx)/g(x) ≤ λc. (0.1.4)H
ER :=
⋃
c,d∈R
ER(c, d). (0.1.5)
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y 0.1.3. `#6\m#mC g hPqkVy g ∈ C, ℄
lim
x→∞, y→∞
x/y→1
g(x)/g(y) = 1. (0.1.6)y 0.1.4. `#6\m#mC g h O- #SkVy g ∈ OR, ℄v\	pk λ > 0,
g(λx) ≍ g(x). (0.1.7)y 0.1.5. `#6\m#mC g h_zkVy g ∈ L, ℄v\	pk
y ∈ R,
lim
x→∞
g(x+ y)/g(x) → 1. (0.1.8)L_e g ∈ L, 3' g(log x) 8&!5$F (0.1.8) W y ∈ R q.v5W<=,k+` W%KeIWG	
R ⊂ ER ⊂ C ⊂ OR ∩ L. (0.1.9)y 0.1.6. `#6\m#mC g n℄
inf
y≥x
g(y) ≍ g(x). (0.1.10)`#6\m#mC g n#℄
sup
y≥x
g(y) ≍ g(x). (0.1.11)ja~W)$=) f , 
α(f) := inf
λ>1
(log f ∗(λ))/ logλ, f ∗(λ) = lim sup
x→∞
f(λx)
f(x)
;
β(f) := sup
λ>1
(log f∗(λ))/ logλ, f∗(λ) = lim inf
x→∞
f(λx)
f(x)
. (0.1.12)y%; α(f) ) β(f) 9 f Wk Matuszewska 1#)I Matuszewska 1#Æ` 
ρ(f) := lim sup
x→∞
log f(x)
log x
, µ(f) := lim inf
x→∞
log f(x)
log x
. (0.1.13)y%; ρ(f) ) µ(f) 9 f Wk℄)I℄
>O [13] W Theorem 2.1.7 ) Proposition
2.2.5 ,
β(f) ≤ µ(f) ≤ ρ(f) ≤ α(f). (0.1.14)I+W
>O [13] W Theorem 2.1.7, Theorem 2.0.8, Proposition 2.2.1 )
Theorem 2.6.1(a) VB
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 A 0.1.1. b g ∈ OR, RJ
(i). β(g), α(g) <∞;
(ii). v\k^m 0 < a < b <∞,
inf
ax≤y≤bx
g(y) ≍ sup
ax≤y≤bx
g(y) ≍ g(x); (0.1.15)
(iii). v\k δ > −β(g), -f	p^m C, x0 > 0 ejvpk λ ∈ (0, 1),
g(λx)
g(x)
≤ Cλ−δ, ∀ x ≥ x0/λ; (0.1.16)
(iv). v\ γ1 < β(g) ≤ α(g) < γ2, -f^m C1, C2, x0 > 0 ej
C1x
γ1 ≤ g(x) ≤ C2xγ2 , ∀x ≥ x0; (0.1.17)
(v). ^ β(g) > −1 VV [0,∞) .[6
lim sup
x→∞
∫ x
0
g(t)dt
xg(x)
<∞. (0.1.18)I 0.1.1. v}YmW; 0.1.1(iii) y K.W.NG l [47] k Lemma 2.2.y,$ F W:H9 F (x) = 1 − F (x), 9, F W:.b7A)feIW1#	
ρF := −ρ(F ), βF := −β(F ). (0.1.19)A)%` W βF E9 K.W.NG Xj$>O [47] 8` W γF . +;VWRIA); βF 9y,$ F W Matuszewska 1#A)s; ρF 9y, F W:℄1#n?! X { F 9y,$3'|*,
ρF = sup
{
α : EXα <∞, α ≥ 0
}
(0.1.20);y, F 9y,e J"[.C8℄C {nλ : n ∈ Z} -k% λ $}1`W)%KF:GWMLW λ ;9y, F W-6e F +y,; F wWF3T Stieltjes yWv0A)JH
∫ b
a
f(x)dg(x) :=
∫
(a,b]
f(x)dg(x). (0.1.21)
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§0.2 Fw	℄3e
z,B| w?! X, H F (x) = P{X ≤ x} 9 X Wy,$Fvy, F +:
[0,∞) -8A);y, F 9;:y,=; X 9;:?!e 
EesX = ∞, ∀s > 0. (0.2.1)q-e I s0 > 0 zV
Ees0X <∞, (0.2.2); F 9Q:y,=; X 9Q:?!jQ:y,zLW>O"#!-RW"#)t+W&>rmD;:y,=;:?!
y.y||,;:y,WG| (0.2.1) XM
∫ ∞
0
esxF (x)dx = ∞, ∀s > 0. (0.2.3)#nok;:y,Wr8+5mLWno` vfmDW1YGJ8	
D L	y,$ F ∈ D QPfQ F ∈ OR, }E
lim sup
x→∞
F (tx)
F (x)
<∞, ∀ t > 0. (0.2.4)
L L	y,$ F ∈ L QPfQ F ∈ L, }E
lim
x→∞
F (x− t)
F (x)
= 1, ∀ t > 0. (0.2.5)
C L	y,$ F ∈ C QPfQ F ∈ C, 
 F WO_b,F}XM
lim
tց1
lim inf
x→∞
F (xt)
F (x)
= 1, (0.2.6)=XMW
lim
tր1
lim sup
x→∞
F (xt)
F (x)
= 1. (0.2.7)
ERV L	 0 < α ≤ β <∞,y,$ F ∈ ERV (−α,−β)QPfQ F ∈ ER(−α,−β),}E
t−β ≤ lim inf
x→∞
F (xt)
F (x)
≤ lim sup
x→∞
F (xt)
F (x)
≤ t−α. (0.2.8)
RV L	 α ≥ 0, y,$ F ∈ RV (−α) QPfQ F ∈ R−α, }E
lim
x→∞
F (xt)
F (x)
= t−α (0.2.9)
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D L+5;96!5:y,L L L;96:y,L C L;9Z_!5:y,L ERV L;9 )!5:y,Lm RV LE9)!5:y,LL_%Y;:y,GveIWG	
RV ⊂ ERV ⊂ C ⊂ D ∩ L . (0.2.10)
(0.2.10) |8W"GxIkb";:y,Wvr8RQsWy,G-8%p+5=WG1y,G1y,W` {w`|ÆBW;y, F 9G1y,e 
lim
x→∞
F 2∗(x)
F (x)
= 2. (0.2.11)% F 2∗ $} F Wn;wWG1y,<WH9 S . a*G1y,9;:y,%9
lim
x→∞
esxF (x) = ∞, ∀ s > 0. (0.2.12)G1y,vek	Wb7J8-v$-	
 (0.2.11) |{0B ∀ n ∈ N,
lim
x→∞
F n∗(x)
F (x)
= n. (0.2.13)% F n∗ $} F W n ;wk|W"~ OeI-n X, X1, X2, · · · , Xn 9vR3,y,W?! F 9J,y, (0.2.13) XM
P{X1 +X2 + · · ·+Xn > x} ∼ P{max
1≤i≤n
Xi > x}, x→ ∞. (0.2.14)|,k|<W3rB~TeILm|SWG|	
P{max
1≤i≤n
Xi > x} ∼ nP{X > x}, x→ ∞. (0.2.15)
(0.2.14) |$-J) n∑
i=1
Xi WLW
J81v?!Kx`bWTmQ:R`b7^_Rq%zV;:R`W"#=NBQ:R`+,W#7H|M#Wn{?! Xi a9[ i G? TW?dl3' (0.2.14) |$-MWJ?lLWr
1vGW?lx`W%vb7u|MWxInR?+Q_j?! Xi {Db7 (0.2.14) 7O+,a%spG1y,"8vsWv;rG1y,
 Chistyakov [14] "K%BK1y+!>>i#|M#?a#℄#BTyy,#vPgyD{D"LB3X#8vuy;rW
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